
D.ir#EryI ①

Let LTC IR
"

be an open subset and
f- c- C' (f) .

.

It is known from analysis
that ✗

◦

c- -0 is a point of extremism
for f- if

Of
(Xo ) = O ti = 1

, . . .

,

u
.

Notice that this is a
necessary condition ,

which is not sufficient in general .
A more general type of problems does

not fit into this scheme
.

For example ,
consider the following .

Problem Among all rectangular parallelepipeds,
whose diagonal has a fixed length 1 ,
find the one with maximal volume

.

¥



of the function f- G. y ,z ) = Xyz on the set

F-_ { ⇐ g. 7) c- 1123 / ×> 0 , y> 0 , 2-so and ✗2+72+2-2=1 }cS2

"" "
"""•

§

However
,
It is not an open subset of Rs

so that the receipy known from the

analysis course is not applicable .

ThisPÑ relatively easy
to solve

,
however

.

Indeed
,
since 2- so ⇒ 2- = É-yz

so that

f- ( × ,y , TEE ) = xySEE ,

✗
'
+y' <I
-

FÉiy )



③Hence
,
we want to find points of

maximum of the function F on the set

{ G. y) I ✗Zty's 1
,

× >0
, y >o } , which is an

open subset of R
.

We compute

8¥ = yf-xz-yt-xy-F.EE = °

⇔

¥y = ✗ Fig - xy ¥s⇒ = °

Since ✗ ≠o and
y =/0

,
we have

1- ×
'
- y2 = ✗

2

(*) ⇔
, _ * - ya = y

,

⇒ ✗2--5 ⇒ × - y

⇒ 3×2--1 ⇒ ✗ = y
= ¥

⇒ 2- = ¥
Hence

, among
all rectangular parallelepipeds

with the given length of the diagonal
the cube maximazes the volume

.

Exercise show that ( ¥ , ¥ , ¥ ) is

a point of maximum indeed
.



④

Consider# general problem of constrained

maximum / minimum .

Given F
, 4 c- C-(pi )

find a point of maximum /minimum of

f- on the set

a

S : = { ✗ c- R
"

l 463--0 }
.

Prof 1- Assume that for pe S we have
-

.

94

☒ (p) -1-0
. ④

Then 3- a neighbourhood -0 of pins,
an open subset To IR

""

,

and a smooth

function 4 : f- → R such that

✗=(g.2) c- Sht ⇔ 2- = 4kg) , yet .
R
" TR

This is a celebrated implicit function
theorem

,
whose proof was given in the analysis course.

Thicket pe
S be a point of Checa / )

maximum of f on S
. If ⇔ holds

,

then 3- c- IR such that

of

¥
(P ) =
f 04
☒

g.
(p) ⇔ ☐ f- (p ) -_t☐P(p)

holds for each j=l , _ . ,u .



⑤Proot Let p = ( Yo ,
Zo )

.

p is a Cloe
. ) maximum for f- Is ⇔

yo is a loc
.

maximum for a function

F : F-→ IR
,

F- (y ) : = f- ( y , 4cg ) )

⇒ Cy . ) = ¥
,
( p ) -1 8¥63 . yjCy .)=oOyj

V-j ≤ u- i

ycy , 4cg) ) - o ⇒ %yj + 8¥ ¥yj=°)¥
⇒
at

Eg; Cyo
) = - ¥; (P)/

,w(p )

⇒ ofoyjcp) = %, Oyj
(P )

☒ cp) ) "

%

ii
× does not depend on j

For j=u we have

¥✗n G) = (¥u4→/n,p ,) " nlp ) ✓

☒



⑥Let us come back to the example
about maximal volume of parallelepipeds with
a fixed length of the diagonal . Thus ,

if

C. g. 2-) is a point of maximum of f- on

S = { C. g. 2) c- 1123 / ✗4- y
't -22=1

,
×
, y , 2- so }

,

then there exists he IR such that

YZ = Lix

✗ 2- = 2kg ⇒ @ y 2)2=8×3 Xyz

Ky = 2h 2-
✗ -1-0

,
since otherwise

✓ ✗ =D or y=o or 2- =D
.

⇒ Xyz = 813

11 - ⇒ ✗ = 2h

using 2,1×2
the
first egn
A similar argument yields also y=2t and 7=21

⇒ 442+442+4×2=1 ⇒ =
1-
253

⇒ ✗ =y= 2- = ¥



⑦Coming back to Prop .
I on P

. 4
,
it is

clear that it is only important that

one of the partial derivatives of 4 does not
vanish

.

This leads to the following
definition

.

Det ( surface ) A non - empty set
S c. IRS is called a (smooth) Sartain

,

if for

any pe
S 7 an open set Ttc R2

and a smooth map 4 : T -> S

such that the following holds :

C) ✗ (F) = :-O is a neighbourhood of p
in S

.

④ ) 4 : 7- → It is a homeomorphism .

Ciii ) Dg4 : 1122 → ☒
3
is injective to c-T

.

Assume 4 c- C-(Pi ) satisfies

%z (p) =/ 0 lfpe S = { 4 Caya )=o } .

Let 4 be as in Prop 1 on 74 .

Define

# (Ky) : = ( x, y , lucky ) ) .

If -0 and it

are also as in Prop .
1 on P4

,

their

IV : it → snit is a homeomorphism,
since IT i Sn

-

O → It
,
Itchy , 7) = (× , y)



is a continuous inverse
.

Furthermore
, ⑧

0 1
D =

% is clearly injective'

04 of ) at all points .

Hence
,

S is a surface
.

In particular ,
• the sphere 52 = { ✗2+y2+z2= , }

. the cylinder C =L @yit) I x2+y2=1 }

• the hyperboloid H = { x2+y2 - 2-2=1 }

are surfaces

1¥
.

Et
.

H



⑨EI (Torus ) Let C be the circle

of radius 2 in the yz - plane
- centered

at the point ( o
,
a

,
0 )

,

where a> 2

↑
≥

rotate

Torus

More formally ,

T : = { (Eg ' - a)
"

t z2= i }
Exercise check that T is a surface indeed

.



⑨Auou-e×aueple_ A double cone

C. : = {✗ ' + y
?
- 2-2=0 }

is not a surface
.

Indeed
,
assume C. is

a surface
.

Then the tip
of the cone

p must have a neighbourhood
e-homeomorphic to an open disc in R ?

Let f- : -0 → D be a homeomorphism .

Then f- : -01 hp} → D) Fcp) is also a homes
.

↑disconnected connected

Hence
, p

does not have a ubhd homeomorphic
to a disc ( or any open subset of R2 )

.

Exercise show that a straight line is

not a surface
.

Regi)The map
4 in the definition of the

surface is called a parametrization.

2) Condition Ciii ) is equivalent to

94

Fu
&
04

To

are linearly independent at each pt @my c-Tf
.



①Prof Let S be a surface
.

For
any

pe
S -3 a nbhd W e Rs and

Ye CTW ) such that

SAW = { ✗ c- W I 467=0 }
and ☐ 4G) ≠o V- ✗ c- SAW .

Prost choose a parametrization 4 :[→t
☒

2 §
"

Let 4(4,0. ) =p and choose

a vector n c- 1123 such that

94
(4%7) ,

DX
To Cairo ) ,

U (*)

are linearly independent . Consider the

map
¥ : f- ✗ R → IR

≥

,

IU-cu.ir
,

W) = 46,07 + win

By ⇔ ,

det D# ( u.ir , o ) ≠o . By the

inverse map theorem
,
I open neighbourhood

wars of p
and a smooth map

$ : W→V×R a R
' such that

# ◦ $ (x) = × V- ✗ c- W

If * = ( 4,9
,
%) ,

then

◦ ☒ (X) = ✗ ( 4,6)
,
4z(x) ) + 436 ) - n = ✗



①Observe that

✗ c- SAW ⇔ 3- @,v) c- If s.t.UCU.ir)=X

✗ = itcu .ro) = # (a. 0,0)
"

#(4,1×7,46)
,
%(× ) )

since ¥ is injective ( on an openubhd6t@o.oi
, D) )

,
we have

✗ c- SAW ⇔ 91×7--0
.

Furthermore
,

Let DOIG) =/ o
'

tie W
.

⇔ 84,1×7
,
041×7

,
7436) are linearly

independent View

⇒ 7%1×71--0 V- ✗ c-W
. ☒

Corollary Aug surface is locally the graph
of a smooth function

.

.

The proof follows from Prop e- on P . 4
.

Anon-exauepK_ A union of two intersecting
planes is It a surface



Indeed
,
assume that ④

Si:{ 2- =o } u { x=o}
is a surface

.

az

Then 7 a smooth function 4 defined in
a ubhdw of the origin such that

46 , y , 2-7--0 on S

⇒ ☐ 4 ( o ) = 0 .

Thus
,

S is not a surface
.

Remarks Neither parametrization , nor local
functions as in the Proposition on P

. 11

are unique .

Our goal is to understand a

relation between different parametrization s .



④Thus
,

let 4 :X → It, as

42 :
_

VI →
'

Uz c s

be two parametrization s.t.tt, n
-

UI to

⊕
.

¥;
tri&

Tj. -_ 4.
"

Guinta) E-
'

(-4^-02)=1%1
Since 4

,
& 4h are homeomorphisms

,

we

have a well - defined continuous map

%
,
: = %

-

'

◦ 4
,

: Viz → Ttz ,

which is called "

transition map
"

or

" change of coordinates
map !

Notice that 4 ,
is a

map
R' → R2

defined on an
open

subset
.



④EI Consider the sphere S2
,
which

parametrization as follows
.

The inverse of the stere graphic projection
from the north pole N is given by
@so) → % Caio)=n+¥(2u ,

20
,
-1+-42+07

This is a homeomorphism viewed as a

map R2 → 514N } and is clearly smooth
.

Exercise show that D.% is injective at
each point .

Thus % is a parametrization ( at each point
pe £1M ) .



④
Of course

,
we have also the inverse % of the

stereographic projection from the south poles .

The images of these two parametrization
cover together the whole sphere 5 .

RecA computation shows that the change of
coordinates map YSN: -- 41st . % : 1122120 } → R'Kol

is given by

4snlu.ro) = ÷o, ( u ,v)

Exercise show that the sphere can not be
covered by the image of a single parameter.

The The change of coordinates
map

is smooth
.

Proof since smoothness is a local property ,
it suffices to show that tf Cleo

, a) c- Yz
7 a ubhd I c-V52 such that % , /% is

smooth
.

Thus
,
set po : = 4. ( a.

, %) .

For this p. and

% construct a smooth map% : W →I ✗ R

as in the proof of the Proposition on P.tl .



' ④Recall that

% /
gnw

: snw → TI ✗ to } = TI

equals %
"

.

The map ◦ 4
,
: 4-

'

( saw) → Tk

is clearly smooth as a composition of
smooth

maps .

Set To : = T.mn luicsnw) .

Since the image of 4
,
lies in S

,
we have

E. ◦ 4 ↳ = ¥4k
.

-
- Kil -

v.

is smooth
.

Et

Det Let S be a surface
.

A function f- : S → IR is said to be

smooth
,
if for any parametrization

4 : 7- → It the composition
F. = f- ◦ 4 : I → IR

is smooth
. The function F : = foul

is called a local ( coordinate ) representation
of f.



①
Reg The theorem on P

.
15 implies that

if f- ◦ 4
,

is smooth
,
then f- ◦ % is

also smooth on V21 = Yj
"

(tint ) .
Indeed

,

f- ◦ % = f.ly#-'o4z)--(f- • 4) ◦ %
↑

smooth smooth

Hence
,

if (I. 4.) is a collection of

parametrization such that 4. (Ti ) covers
all of S

,
it suffices to check that

Foti is smooth fi
.

EI Let k : Rˢ→ R be an arbitrary
smooth function

.
Define f- :S→ R

as the restriction of h
.
Then f- is smooth

,

since for
any parametrization 4

we have

f- ◦ 4 = hot .

Hi
.

For example , for any
fixed a c- 1123

the height function

fa(×) = La
,
×> ✗ c- S

is a smooth function on
S

.



In particular , set S = S2 and ⊕

hcxiy ,
2) = 2-

.

Then the coordinate

representation of f- = k / sa with respect
to % is

FCU.ir) = f- ◦ % ( u ,o) =
-1+4-2+02
It 42 + v2

•

Let 4 : F- → It be a parametrization
of a surface S

.

Since 4 is ahomeomorphism
,
we have the inverse map

4 : = 4-
'

: it → Tf
.

Since it itself is a surface (with a single
parametrization 4) , it makes sense to

ask if 4 viewed as a map
it→ R2

is smooth
,
which means by definition that

both components of P are smooth functions
.

This is the case indeed
,
since the local

representation of 4 is nothing else but

% 4 = id
,

which is certainly smooth
.

Any pair ⇔ , 4) is called a-E on S .



④Prop_ 1 Let s be a surface
.

Then

the set c- (s) of all smooth functions

on S is a vector ÷: pace ,
that is

f. g c- CTS)

t.pe c- IR ⇒ if + leg c- C- (s)
.

In fact
,
we also have

t.ge CTS) ⇒ F. g c- C-(s)

Pirot we prove the last statement only .

Let 4 : it → Tf be a parametrization .

Then (f. g) ◦ 4 = C- ◦ 4) • § ◦ 4)
in a

c-Er) C-⇔

a-
c-⇔

.

Et

Let We R
"

be an open
set

.

Det A coat
. map

F : W → S
,

where s is

a surface
,

is called smooth
,

if for any
parametrization Y : Tt →tics the

map

4°F = 4-
'

◦ f- : f-
'

(E) → Tf
R
'

is smooth
.



④

if 29
÷.

Tf

Prof 5- : W → S is smooth it and only
if f- is smooth as a

map W→ R ?

More formally ,

this weans the following :

If 2 : s → Rˢ denotes the natural
inclusion map ,

then

f- c- C- (w ; s) ⇔ 2. f- c- C-(w ;D )
Proot Pick a parametrization 4 of s

and construct a smooth map
€ :X → Rˢ

just as in the proof of the proposition on P.tl
,

where ✗ a IRS is an open set
.

Assume f- : W - > IRS is smooth
.

There

☒ of is also smooth as the composition
of smooth

maps .
However

,
since f- takes

values in S and $1s = 7=4-1
,
we obtain

that 4. f- = ☒ ◦ f- : R'→ R2 is smooth
.



⑨

Conversely , assume that f- : W → S

is smooth
.

Then

= 4. ( 4.f) /£ /
f-yo ,

= ④ 4)of /
f- 'to )

f-%-)

is again smooth as the composition of
smooth maps . EA

The following class of
maps will be particularly

important in the sequel .

Iet Let Ic IR be an Copen) interval .
A smooth map j : I → S is called

a smooth curve on S
.

'

If ◦ c- I
,
we say

that
y is a

smooth curve through p
: = ✗ Co ) c- S

.

=



⑨
EI Let p c- S2 and ve R

'

s .t
.

<pie> = 0 .

and 1hr11 =1 .

Define yr : IR →
1123 by

KH ) = lost)•p + tint. v. --1Since

Hyuk )Hʰ= { cost .pt siutv , astpt-siut.ir >

= cos't . 11PM + o + sin't . NIP

=
cost + sin't = 1

,

we obtain that yr : IR → S2 is a smooth

curve through p . Of course
,
the image

of yr is a great circle on S?

Even more generally , we can define smooth
maps between surfaces as follows

.

Iet Let Se and Sz be two surfaces
.

A cont.in
. mapf : S

,
→ Sz

.

is said to be

smooth
,
it for any parametrization s

4 : 7- → to S
,

and
y : W→ ✗ c. Sz

the
map
f- ◦ 4 : 4-

'

C-
"

(X ))→ W

is smooth
.



①
9-

E%?
.

W

The map g-
'

◦ f- ◦ 4 is called the coordinate

( or local ) representation of f.

.

Rec since parametrization and charts
contain the same aururount of information

,

we can also define smoothness of a

map f :S ,
→ Sz in terms of charts

as follows : f is smooth if and only if
for any

chart ⇔
, 4) on Si and any chart

(X
,
}) on Sz the map

3 ◦ f- ◦ 4- ' : IR
'

→ ☒
2

is smooth ( on an open subset where defined)

The
map 3. to 4

"

is also called a
coordinate representation of f (with

respect to charts ④ 4) and (× , } ) ) .



④
Rey Just like in the case of functions

,

it suffices to find two collections

{ 4. it. → To } and { Yj : Wj → Xj }

of parametrization such that

U -4. = S
,

and Uj Xj
= Sz

i

and check that all coordinate representations
YÉ f- ◦ ¥ are smooth

.



Consider the antipodal map ⑨
a : S2 → S2

,
a (x) = - X .

For any Civ) c- R2 we have

a ° 1%140 ) = - ÷gzz ( 24,20 , -1+47 v2)

since 45
'

: 5214s} → IR
'
is given by

digit) → ( ¥z > n¥z ) ,

we obtain

4-
'

◦ a ◦ 4hr (un) = ,+ (-1+7%2) -=)1+6402

1 + it v2

= -^%G÷⇔ > ÷÷
.)

= - (Unr)

It follows in a similar manner
,
that

4s
_ '

o ao 4s
, %

_ '

◦ ao 4hr
,

and Yai
'

◦ a ◦ 4s

are also smooth
. Hence

,

a is smooth
.

Prof Let k : Rˢ → Rs be a smooth

map such that h( si ) C Sz
,
where

s
,
and Sz are surfaces

.

Then he / s
,

:S
,
→ Sz

is also smooth
.



The proof of this proposition is similar ④
to the proof of Pip 2 on P

.

18 and is

left as an exercise to the reader
.

To construct a more interesting example ,

pick a polynomial

plz) : = 2-
"

t an
_,
Z
" "

t - -
- t A. 2- + Go

with complex coefficients
. Identifying R

' with

¢
,
we can view p as a smooth map R2→R?

Define f : S2 → 5 by

5- (p ) = { %
◦

p ◦ %"Cp ) if p≠N,
N if p=N .

I claim that f is smooth
.

Indeed
,

since by the construction of f
,
the coordinate

representation of f with respect to the

pair ( R
'

, %) & (R2, %) of parametrization
( the first one on the source of F

,
the

second one on the target )
,

is

%
_ '

◦ 1- ◦ % = Yai
'
◦ Trop ◦ To"◦% =p .

I. I
7

Hence f- is smooth at each point pe Stan } .
To check that f is also smooth at p=N,



consider ④
4s • %

"

° p
° % • 45

'

,
2- 1=04s ◦ f- ° %

"

G) = {
0

,
2- =D

We know that

IYSN (Z ) = 4s ° %
"

(z ) =

Izz
2- =
1-

• 2- = I
2- . I I

⇒ 4µs G) = 45N
'

(z) = ¥
Hence

,
we compute

Tsn ° P ° Yrs G) = Tsn ( ¥ + cÉ + - + a)

= Tsn ( %+___+a◦
= ni-a-u.IE#-a-z-u ,

2- =/ 0
.

This yields that % ◦ f- ◦ %
"

is smooth
even at 2- = 0

,

that is f is smooth

everywhere on S ( or
, simply ,

f- is smooth) .



⑧
The suppose 5- :S

,
→ Sz and g :{ →Ss

are smooth maps
between surfaces

.

Then

go f- : S ,
→ Ss is also smooth

.

Pref Pick a pt pies , and denote

pz :-. f- (pi )
C- Sz

, Ps : = gcpz ) = gcfcp> 1) c- Ss

Pick parametrization

Yj : Tj → t.ge Sj

The is

☐ L



In
'

a sufficiently small ubhd of
p , we

④
have

45
'
◦ (g- f) ◦ Y = ◦ 4-

'

◦ f- ◦ 4

G c- C-F

⇒ got is smooth in a ubhd of
p ,

⇒ got c- C-( S
,
; Ss ) El

Rect The proof shows that the coordinate

representation of the composition is the

composition of coordinate representations .

1¥ The proof also shows that the

following holds :

If y : I → S
,
is a smooth curve

and f- : S
,
→ Sz is a smooth map ,

then f- • y : I → Sz is also a

smooth curve
.

Iet A smooth
map f

: S
,
→ Sz is

called a diffeomorphism ,
if there

exists a smooth
map g : Sz → S

,

S
-
t

.

got = ids
,

and fog = ids
,



Ex The antipodal map a :S
-
→ S2 ⑧

is a diffeomorphism .

E✗_ The hyperboloid H = { ✗
'

+ y
' -2-2--1 }

and cylinder C = { ✗4- y
'
= 11 are

diffeomorphic ,
that is there exists a

diffeomorphism f- : H → C.

Explicitly ,

define

h : IRS -> 1123 by hay , 2) = (¥z, '¥7 >
Z)

clearly ,

he c- ( 1123 ;Rˢ )
.

If (x
, y , 2) c- H ,

then
+⇐=¥÷=1 ,

that is F : =
he /
+,

: H → C is smooth
.

Exercise show that the restriction hi :Rˢ → 1123

b- '

(u.ro ,w ) = ( Ftw u ,
Ftw - V

,
W )

yields a smooth inverse of f.

Rein A
map f- :S , → S

, may fail
to

be a diffeomorphism in the following
two ways : either F-

' does not exist

or F
" exists but is not smooth

.



290Nou-ex-p.IE Consider a map

f- : C → C
,

f- (x,y ,
2- ) = ( × , y ,

2-3 )
,

which is smooth
.

The inverse F '

:C → C. exists :
•

9- " (× , y , 2- ) = ( ×
, y ,
Fz )

It is continuous
,
but fails to be smooth

.

Exercise Compute a coordinate representation
of f- ' and check that this fails to be
smooth

.


