
_ÉgFe ①

Let s be a surface and pes .

Iet A vector ✓ c- IR
'

is said to be

tangent to S at p , if 3- a

smooth curve ✗ :( - e , e) → S S.t.

✗ ( o ) =p and 86 ) = V.

their computing the tangent vector of 8
we think of y as a curve in R ?

EI S =
5 ⇒ p arbitrary .

Recall

the curve

A) = cost .

p + Sint . V
,

where 1141--1 and V 1- p .

Then

Juco ) = V. Hence , V is tangent to 52 atp .

-

Tps = the set of all tangent vectors to
s at p .

Prof Let 4 : -5 → It be a parametrization
such that Vcu . .ir:) =p .

Then

Tps = In Dcu .ir.)X .

In particular
,
Tps is a vector space

ot dim
.
2

.



②

%¥p Im Dae
.
.→
Y c Tps

Assume ve Im Dcu
..at ⇒

3- we R
'
s . -1

. Dcu
. .ir. >
4 (w ) = ✓

smooth
Consider theturve P : C- e. e) → Tf

☆

pct ) = (Uo
, %) + t.hr .

Then Jct ) : = 4° pct ) is a smooth

curve in S S.t.

✗ (o ) = + ( PG ) ) = 4 ( uomo) =P ,

86 ) = Dae . .ir. ) 4 (w) = V.

⇒ VE Tps .

Steps Tps c Im Dae
.ir. )
4

If ve Tps ,

then Fj : Gg e) → S sit
.

✗G) =p & jco) = v. Can assume

Im ✗ a t by choosing e smaller if necessary.

If 4 = 4-
'

,

then

pct) : = 4. ✗ (t ) is a smooth curve



in Tfc R2 S.t. Pco ) = Ceo
,
is ) .

③

Denote W : = § ( o ) c- IR? Then we have

•

✓ =
'

j 6) = @ ◦ f) (o ) = (Dae.ir. > 4) ( fico) )
a-

4. 4-' ◦ 8
= Dcu .io. ) 4 (w ) C- In Dcu.is, X .

Steps dim Tps = 2
.

This follows immediately from the infectivityof Die.io.> + '

EA

Exercise Assume V t.pe S2 and Hull = 2
.

Find a curve in S2 through p
with the

tangent vector v.

Props Pick p.es and recall that there

exists a ubhd Wars of p
and a

smooth function 4 : W →R sit .

snw = { qew 14193=0} and 74cg) -1-0

Hq c- W
.

Then

Tps = 74 Cp>
1-

.



Pref If y is any curve in S through④

P , _

then

4° ✗ (t ) = 0 Yt ⇒ᵈ4(get ) ) =o
dt/
too

"

474 (p) , jco))

⇒ Tps a 74 Cpt
\ / ⇒ Tps = ☐

both have dimension 2
EH

F-x-DV-p.es
≥

Tps
'

= pt
Indeed

,
for 4(×

, y ,z) = ✗4-y't z
'

-1

we have ☐ 4(×,y, Z ) = 2 ( × , y ,

2- ) .

2) p
= (×

, y ,
Z) c- H = { X2+y2 -2-2-1=0}
-

46
, g. Z)

☐ Pcp) = 2 ( × , y ,

- Z) -1-0

⇒ Tp H = (× , y , - 2)
+

= { V=(v, ,Vz,v, )EÑ / ✗Ytyvz - 2-4=0 } .

3) p = (×, y ,
2) c- C =L ✗

'
+ y
'

=\ }

Tpc = { ✓ = (4,4
,
vs ) / ✗V, + yVz=0, vs arbitrary}

.



⑤

↳+ FFTE%Ea.io?7Fi-E#ss
.

Define a map dpf : Tps → IR as follows :

for ✓ c- Tps choose a smooth curve
.

8 thought p with jco ) = v and set

dpfcv) = £ /
+⇒

f- ◦ 8 (t ) .

Prof dpt is a well-defined linear
map .

Pratt

steps dpf is well - defined .

If y ,
and y, are two curves through p

S.t. j , G) = ✓ = jz G) ,

then for Pj : = 4- '

off.
we have

8J A) = 4 ◦ Pjlt) ⇒ V = D. 4 ( Fico ) )=DoY(pics)
\/
injective⇒ §, G) = G) = : w

d

It /
⇐
◦

f- ◦ 8, 4) = (f. ✗ ◦ 4-' ◦ jilt ) )
t=o

= ⇐ (Fop , ( t ) )
= Do F (w )



⑥Similarly
, ¥ /

+= ,
for ≥ It ) = D.of (w)

⇒ ¥ /
⇐
8.* = ¥+1@ • 8214 ) .

t=o

step dpf ◦ Do 4 = Do F
,
where F : = f- 4

.

This follows from the pf of steps .

steps dpf is linear

dpf ◦ Do 4 = Do F

\ / ⇒ dpf is linear

linear
☒

Exercise If he C- (Rs ) and f- = k /
g ,

then lfpes we have

dpf = Dph /
Tps

'

Det A point pe S is called critical for

f. c- C- (s)
,
if dpf = 0 , that is dpflv)=o

V- VE Tps .

Prof If p is a pt of loc
.
uuax

.
(min) for f

,

then
p is critical for f.

Prost p is a pt of loc
.
wax for f ⇒

* curve g- through p ,
0 is a pt of loc . max for fog

⇒ ¥ / +→ f- 8 =- EA



⑦
Prof Let h

,
4 c- C- (Rs )

.
Assume 7443-+0

for any pe
S = 4-

'

co )
.

If p.es is a

pt of loc
.

max
.

for f- = hfs ,
their

Dhcp ) = ✗ 7440 )
for some ✗ c- R

.

Prost Notice : S is a surface and

Tps = { VER >

I < v , 741ps> =o }

dpf =o ⇔ Dph /
Tps

= °

⇔ < V
,

☐ hcp) > = o tf v c- Tps

⇔ The (p ) = 184 (p)
for some teR☒

Rec this proof is in a sense more conceptual
then the pf of Them 1 on P

.

4 of Part 1
.

More generally ,
for

any
f- c- C- (s ;D

"

)
the differential dpf : Tps → R

"

is defined

by the same formula .

Also
,
the differential is well-defined for

maps F.
R
"

→ S
, dpf : R

"

→ Teens
f- : S

,
→ %

, dpf : Tps ,
→ Tfcp>52

In the latter case
,
if 8 G) = ✓ c-Tps , , then



⑧
dpf (v ) = £ / @ ◦ Oct ) )

t=
-

~¥É→±
SzS

,

Prof Let S
, ,
Sz

,
Ss be smooth surfaces

.

For any
smooth maps f

:S
,
→ Sz and

g. : Sz → S3 and any pt pe S
,

we have

ftp.go/-)--Dg-cp,goDpf.ThisalwW#.-Siisreplaces
by an

open subset of R?

Proof Let y,
be any

smooth curve in S
, through-

Devotep . 82 = f- 8 ,
which is a smooth

curve in Sz through Fcp) .
If 8,61--4

,

then v2 : = fico ) = Dpf (y) by the definition

of Dpf .
Hence

,

Dp @ ◦ f) (4) = ¥ / (got ◦ fact ) )
1--0 ¥

= ¥ / (G ◦ 82 (t) ) = Deep, G (4)
t=o

=Df(p)g(Dpfcv,))•



Cos If f : S
,
→ Sz is a diffeomorphism ,

⑨
then Hpe S, dpf : Tps ,

→ Tfcpssz
is an isomorphism .

☒

Det A map f- :S
,
→ { is called a

localdiffeo-orphi.in if Apes , 3- a nbhd

T
,
C S

,
and a ubhd Tz C Sz of Fcp )

S.t. F : LT
,
→ -02 is a diffeomorphism .

The Let f- :S
,
→ Sz be a smooth map

S.t. Vp c- S
, dpf : Tps ,

→ Tfcp , Sz
is an isomorphism .

Then f- is a

local diffeomorphism .

Proof Pick
any pe

S
,
and parametrization

Y
,

: IT
,
→ W

,
C S

,
and : I c. Wzcsz

→
S

,

↑"↑
I.



⑧Without loss of generality YG )=p and

426> = Fcp) .

F = ¥
"

◦ f- ◦ 4 ⇒ d. F =
d 4-

'

◦ df ◦ dot
Fcp) P

d. 4
,
: R2 → Tps ,

is an iso
.

dfcp, % : Tfcp, Sz → ☒ is an iso
.

dpf is an iso => do F is an Iso
.

From analysis , it is known that 7 a nbhd

◦ c-# c Tf and a ubhd ÑI_Vz of 0

such that F : It → ÑI is a diffeomorphism
Denote -0

,
= 4

, (F) ,
I = ICI )

.

Then

2

: -4 → -41- to
,

= 4 °F ◦ ¥ /
-4

is a diffeomorphism ,
since it is a composition

of diffeomorphisms . Et

Rey It follows from the proof , that

dpt = dok ◦ d. F ◦ dp 4- ' .
- -

iso



In particular , . !
dpf is injective ⇔ Deep , is injective

^

surj . ⇔ surj .

iso ⇔ iso

Let f- c- C-( Sei %)
.

Det 1) A pt pe
S
,
is called a critical pt

of f- if dpf is hot surjective
-

⇔

dpf is not injective ⇔ dpf is not an iso
.

2) qe S, is
called a re-made off,

if Hpe f-
'

(g) is regular ( non-critical ) ,
i. e.

,

if lfpe f-
'

(g) dpf is surjective
⇔ dpf is injective ⇔ dpf is an iso

.

EI f- : R2 → R
'
= ¢

,
f- (z ) = Z

"

,

he 2-
,
u ≥ 2

.

It is known from analysis
that Dzf : € → I can be identified

with the
map

he ↳ f-
'

G) • h
.

Hence
,

2- is critical iff f-
'

(2-3=0 ⇔ Kzn-1=0

⇔ 2--0
. Hence

,

f has a single
critical pt 2- =o and a single critical
value

,
the zero

.

All other pts are regular
and any non - zero value is also regular .



t

hm (The fundamental theorem of algebral ⑫
Let 9(2) = z"+ am., 7"X.-+a,7+ a

be a polynomial of degree up 1 with ex

coefficients. Then has at least one ex. root.

Proof Recall that the
map 8: S"-S,"

N
p.
=N

T7CpC= Stogo4", PAN,
is smooth.

I has has at most a critpts(values).

POSTINT is critical zz==4N(p( is
critical Fr 99(z) =0, that is
1 2""+(x-) a... 2"2...+ a = 0

This can have at most (n-1) roofs.

Sa Denote by RIf) the set of regular
values of 8. Then for any zcblf)
the set f() is finite and the wep
R(f) + Eso, = #ff "R)

is constant.

Let
pc 8" (2), ne

RL) =>

7(p) = 2 & dot is an iso

=>I a nbid up of p
and a ubled We S.4-



⑦f- : Ep → Wz is a Diffee
.
In

particular, f-
'

(2) n
-

Up = Lp } ⇒

f-
'

(e) is discrete
.

However
,

F-
'

(r ) is a closed subset of S2
,

hence compact .
But a compact discrete

set must be finite
.

Denote F-
'

G) = { pi . . - , pm } and the

corresponding ubhds -4
. - >
En

, Wra . > Wm .

Set W : = W
,
n

- -
- nwm and

E- : = f- '

(w ) n -0
j .

Then for each j≤ inj
the map f- : E- → W is a diffeomorphism .

j
In particular , View 7 ! pj

'
c- Éj sit

.

f- Cpj ) = 2
'

. Hence
,

# 5-
"

Ce' ) = # f-
'

G)
V2'

C- W
,
so that the function

Pr (f) → Z
,

2→ # f-
'

G) (*)

is locally constant .

However
,
R /f) is the complement of a

finite number of pts in S2
,
hence connected

.

Therefore
,
#) is ( globally ) constant .



Steps We
prove

thisthene ⑭

any pairwise distinct ptsPxc-PutE
SYINY S.t. *(p.).. >7pm) are also

pairwise distinct. Since I has at most

a critical values, at leas one pt from

&x(pi),...7(pun) is a regular value and

(*) does not vanish at this pt. Hence,
(*) vanishes nowhere on 12 (f).

If s is a critical value of 5, then
&"(S) +0, since 7"(s) contains a
critical pt. However,
#"(s) 70 ( 9") to.

If S is a regular value, then by
Step 2 #8"(s) > I => A" (s) +8

This finishes the proof. #



⑮

Let
storientability

a (smooth) surface.

But 1) A (smooth) map 0: S-c R3

is called a (smooth tangent rector field ons,
if PCSMpICTS.p
2) A (smooth) map 1: S-> R3 is

called a (smooth)
if Apes upfield

ons
>

Ex Set S = S
"

CX) = X. Then

i is a normal victor field on 5"

Lemma Let 4: v-c <5 be a
--

parametrization. Then admits a

unit normal Field n on 5, that is

Per Up)1TS and MCPIFz.

Proof t is a param. ->

Ap=5 5!gc v S.t. 4(9)= p and

D.4: 1"- TpS = ImCP94)

is an isomorphism. Hence, D,4 maps a

basis ofR" onto a basis of ToS. Therefore,
the image of the standard basis (CY,OT1a
is a basis of TpS.



Define ⑯

map) =tsory,
where "x" means the cross-product in R.
This is well-defined, since Out x Qr470.

Exercise: Check that he is smooth. M

runa If S is connected, then there

are at most a non-equal unit normal
fields on S.

Roof Let m and us be unit worm. Fields,

Ape S m (p) + TS

3UC (p) 1TpS =>Mzlp) = 1mlp)
14. (p) = 1 = /m=Cp>)

S1i= 3PES / Un (pL =<me(p)3.

Then both 5, and S. are closed and

S = S US_. Hence, eithert

ST = 0 Et U. (P1 =
- mCp) Fp=S

Or

S. =0 FC UCIP) = 4CpLFPES.

PetAsurfaces issaid to be online



It should be intuitively clear that ⑰

any unit normal field"selects a side" of the

surface. A choice of the unit normal field

(a side of 5" is called an orientation of 5.

Thus, any surfaces admits at most

a distinct orientations.

>Preimages are orientable)roo is a regular value of3:A"-1,
there S = = 4") admits a unit normal

field.

Here, just like in the definition on P.H.
O is said to be the regular value of
if Apc S = 4"(0)

Dp 7: R"--R is subjective
EC PYCp)70, since PpY(v) =<0YCp3,V)

VER"

ofthe proposition
TS = PYCP)-- 01 is a normal field

O is a regular value of4 => 53 vanishes
nowhere

=> ecps:=l is a unit normalfield "I



⑱
Run In the definition of orientability,
it is only important, that the normal field

exists, is non-vanishing and continuous.

example:the Mobius band.

One can obtain the Mobius band from the

strip by gluing the opposite sides as

shown on the figure.

I
V

3 gluing
-
L

-&- 3

I=E
- -

More formally, the Mobius band is the

image of the map

E = 10,217 +(1,1)- R",

Cu.w) =JR-esin =) Since, 12-osin =) cosc, oase
Exercise show that the image of it is
--

a surface indeed.



We showed that
any point on a surface ⑲

admits an orientable neighbourhood E. Moreover,

it follows from the proof that given ofhotTS
at some pot t >

there is a unique
orientation n of to such that n (po) :t
With this understood p =L pick an
orientable neighbourhood to

p.
Since I is

compact, there is a finite collection to....On

covering 2. Choose a pt pie Llio, and
a vector me T.SY, I1= 2. This determines

uniquely a normal field in on it, such that

(pi) = 7. If EIN550, then there

exists a unique smooth extension of a to

vE2. After finitely many steps we obtain

a normal field in on 5.0...0.n>L.
However, as one travels once along I, this
normal field must change its direction, that

is UCP1) =- u (p.), which is impossible.
Hence, the Mobious band does not admit

a unit normal field, that is the Mobius
band is non-orientable.



Let s be a surface. 20

Ret. A collection A = 5 (TajV.,e) (ac Al
of parametrizations of 5 is said to be

an atlas, if UF
a
= 5.

a -> A

Recall that for a be A the
map

Dag:= 4"o4g = Tas -R2
Ra

is called the change of coordinates map:

Dt An atlas of on 5 is said to be

oriented, if

det) Purtas (< o
For

any (u.w) c Tas

Ex For S = S
3

H = 5(Y, R, SYNT), (s,R; ss)
is an atlas. We have

OsCu, 5) =an (U, o)
A computation yields det (Osu) <o, so that
A is not an oriented atlas.

Consider, however.

B = 5 74, RY SYN3), (s, RYsY9S13,
where E 34.0 = 43(-4,2) = 4905 (n.w),



where 8 (e.W) =7 0,0). There ⑳
M

Osn = 44 = (405)"0 4N=8% Osm

o

& is linear ->DESN=Do DEsa

=>det DEs=det5.detDOsNJO
- 1 I

=>t is an oriented atlas on 8"

CropAourfacesisorientable if
an onlysee

Proof1 If 5 is orientable, then I admits

an oriented atlas.

choose a unit normal field on S

and an atlas A on S.



Define a new atlas is as follows: ⑪

If a: it a belongs to A and

det (OaYa,DoT, u(Yalo.ol)) >0, then

142, Va, va) belongs to bedet( ( co,
then 1405, WIV), ve) =(Ya, a, wal
belongs to is, where 0: 1"->R", 8 (0,0) =G4, 0).

=> det )OnYa, joFe, uCYeCu.ML(
- det)-3.4c,004a, UCL) >0.

We obtain

a) If Y,= B, the

Ya: Va + a i 4s: ve -> 0s
(X,X2) (1c, y2)

Pas:No - Va (defined on a subset of V)

&=> & () =0asly)

Y = 408 =

,T =$,% (11) 98+ 0TaLEly))By, 8r

·
.4 = Qxte (813) by8. + Qxta 15b))8y82.

Or simply Costs,St) =(Ox,te,0xts) · OE,



where ⑫

80=12.0.
88.8,C (

By, Oc By, Oc
is the Jacobi matrix of O = Gag.

=> (nts, sets, 2) =10050,0.tc, u) (881.3
=> det (by ts, By.ts, 2) =
I

O

-
det (00.4, 0ntain). det (.)
I L

O

by the assumption
defCOgo

-> det lOye) 30.

3) If be and to belong to B, the
same computation yields

det (lytas) > 0.
We have:Yo = Y0fax=>

--> 405 =400Pago8 =(Topoxofagoa
1) 17

Fe ↑

Hence, the change of coordinates map between



Y and to is Bagi= 50f000 ⑮

=> det (Dece) =deti.detDeag. deter

a Y and is
: Set a)"detDous 30.

belong to 5

A similar computation yields dot (@ao) <0

and if was is the change of coordinates

between 4 and , then
M

Das =E.g. 8 =>

def DEcs=detLPOas). det o 30.
&

O N

Thus, i is an oriented atlas.

Step2IfSaduitsanorentedatate
Let it be an oriented atlas on 5 and

Paiva - So a parametrization from A

If fa(9l=p77c, define maps by
OnYax NoYa

u(p) =-10ntaxOrtel 9



Assume Ts is another parametrization from
It such that pets.

Then

Y =

Yautas -

Costs, Bynts) =(Osta, 0..Y) ·Do

=> By, 5 x0y,4= detIDO) · Ox,TaxOxite
W

-> nCpL does not depend on the choice
of parametrization near p

Since i is smooth in a ubhd otp, m
is smooth everywhere. A


