
=usof unity
@

Recall that the function 1: R-R

S
if t DO,Mt= gak if tho

is smooth.
&

A
M

·

↑
3

t

For
any

fixed so we have

&Ct)+X(2-t)>0 ftcR

->

positive for two positive for
2-t>0Es t <2

Define

justh:= Hetits
which is smooth everywhere on R



M

a fr ②

" t
P T

&

Denote also

Jult): =Yn(7-1)
*Te

↳ t
D A S

1 7+2

Lmma For any pt PC
R and

any
ubid E-p there exists a ubled at

and PCSTRY) s.t. the following holds:
· Oz PCX)&1FXCR"

·

Ny = 1
and PIRixe EO.



③

E
Schematic raph of P

Cat For any Rso,
consider

PCx= = 5. (EP1).
If B2CP) < F, then vanishes
-

the ball of radius 2R

centered at p
onside of B2G(P), no vanishes outside of E.

Also, PC = 1 on Belp) and peC?

Pet For a continuous function of on a

topological spacepartof f is

supp f=3xCX / f1 #03

In particular, xreppfE EN = 0



&Eample
ip
x = [0, +0). Notice that osupp

although x0) = 0.

2) If p is as in the above lemma,
the

3)For SPPOE 7: R"+R
supp F = R.

Det A (smoothpartion of unity on R" is a
-

family of smooth functions [Pa/deA3st.
(i) 0 < P() < I NXCR" FGe A

(ii) For
any

XCR" Pax to for

finitely many XeA only.
(iii) EaPaCX) =1 FXCR"

Pam More precisely, (ii) in the above definition

should be replaced by the following condition:

#xcRY 7 a
ubid -x s.t. the set

392A1 suppax5=P1 is finite.

However, we consider mostly finite partitions
of unity so that this condition (and



therefore, also (ii)will be satisfied ⑭
automatically.

=ample (A partition
of unity on Rhe

94jx) /jcz), where
aPi

842=xe ((x-516.
IT

3
Notice that

supp fj < [5-2, 572] I itz

Consider
well-defined,

↑x = Ez PiK smooth and

positive everywhere



Therefore ⑤

30s = fily 1jez)
is a partition of unity on R

Just like for R the partition of unity
is defined for surfaces.

trem (Existence of a partition of unity)
Let U = 35s /dEAT be any open

covering
of

asurfacesthus a partitionone

⑦B
supp ↑ tg

For some &z A.

⑪of the proof is given for compact
surfaces only.
Step1. Let I be

any surface.
For

any
&

pCS and
any open WaS, peW,

there' exist paCOs) s.t.

(i) 0 > p(9) [1 Age S

(ii) Supp a W.

(iii) EXcW open St. PIx =1.



Let (, ) be a chart On 5 s.t. 8

Y(p)= 0 c F < R and 5 a W.

Pick a function CC)RY) s.t.

03421, PauloE1, YIRYB CO)
=D

22

for some 230 St. Balo) < [.

Define

↑(p3:= 5 YOYCDC, POE.
them is south everywhere and witle

X = 4" (B10() satisfies (i)-liii).

#ternatively: One can first define a suitable

function p on a ubid of
p
in Rand

define as
the restriction of p to 5.

Ran the function constructed in Step 4
is called a bump function.

#2 We prove
this the assuming 5 is empt

Pick any I
and

any pe V. There
&

I a chart (tp.x, Pp.2) S.t.Wi a <F.

By Step 2, 5 xp, <Ep, and a



function epic satisfying (i)-iii). ⑦

Consider the family 3xp,c/peS, 68A3,
which is an open covering of 5.

By the compactness of 5, 5 a finite

subcovering
Xpicd, ...

3
X
pm, de

! 1)

X, Xu
M

Denote
↑i = Ppich; so that 4j/xEI

and consider

PCPL:= E, Pip 30 Apes

them
=Pity is a partition of

unity on 8. Moreover,

supp Pj =

spp Pj < Fj <

5aj

*enA partitionofunityas intheorone



↳ample 5 = 5, 4 = 5 SYN3, 5KS1)8
Let be a bump function on 12

s.t. PBCo) E1 and supp a Baco).

Define
↑Ni

=

p o4N

PS: = 1 -PN
The <PW, ps) is a partition of unity
on 5"

Integration on surfaces

Aim:Cetine
an

essayscoss
it

see
e.g.

(*) S11f+Mg= x x x M8
X.MER
1.gz(s)

We assume in addition that I is compact.

Chose an atlas t= 50c.4) IdeASon5.
Let SP, 1.j=1,...57 be a partition

of unity on 3 s.d.
Supp a 'Ezz:



For any
fa (CS) we have ⑨

7 = 7.1 = =8Pi = F7,!

8
j
t

and
supp of a supp j

Hence, by (8.4) it suffices to define

Stj that is we want to define
&

So provided suppo a Wi
S

where (5,4) is a chart.

Viewing 4 as an identification between

F and FR", we can identify f
with its coordinate representation

F= = 604"= fox: F->R.
Then Fvanishes outride of 4"/mppF),
which is crupt.

F

E W

5"(ppE)

suppF



It is tempting to define ⑩

SF = = SFCu,0) deedo. (A)

S #2

It
may happen, however, that there is

another chart [E, 5) on S s.t.

muppf a E

To show that St is well-defined, we

must show the equality
SFurdedw ESExy) dydy. (**)
#2

where F = 70i
"

is the word, rep.
of f

with respect to .

Let @ = 404- = (4.0) = 0xx,y)

devote the change of coordinates
map.

Then

- IF
= foF = 704" 4o 4" = Fo 8,

so that (**) is equivalent to

SF1.rtduda E(FoE(x,y) dxdy
R2

⑰"



The last equality is false in general, ⑪
since by a there from analysis

SFcu,vidudo= S Fo E (x.z) IdetD8ldxdy
RI RE

Thus, our naive approach to define

37 by G0.x) is false in general

To solve this problem, recall the following
fact. Suppose <Ms be a bounded

open
set such that :=O is a

smooth surface. The

Sdivo = S0,usdS
F S

where is the unit normal field pointing
outwards. If 4EPC, v) is a parametric -
ation of 5, the right hand side is

defined by
S<0.ns (0.4 x 84) dido

Following this hint. For Fe(CS) with



supp -c E,
where to is a word. ⑫

chart, we define

& F = = S Flu, 0) (0.4 x0r4/dudo (A)
S

#

Then, if (F, 3) is another chart

just like above, we have

*

= FoE, 8 = 40 5" = 4". F

*
= 4o8 =>

COY, 84) = (Out, 0.4). DO

=>10T x04=1024 x 0r41 · IdetDO)

Hence, we have

SFCx.1) 18.7 + 841dxdy=
RR2

= SFoElxy) (Ou4xOrTIIdetD8l dxdy
#"

=SF(u.0) 184 x 0.41 dedw.
R



that is (12.*) does not depend on ⑬

the choice of the parametrization of 5.

Thus, for any Fe (CCS) we

may
set

1 F = = E Sty=
-E S Flu.v) /84 - 0r+/dudw
IR

Pop St is well-defined, that is

It does not depend on the choice of

an atlas.

soofesedirt,es) (33e
partition of unity [Mr 1=1, -, K}
subordinate to it. We need to show

that

ESIpF) = 2 Scunth
Notice that & y2:= Pjh /jr, ....5,K....K}
is also a partition of unity and



⑭
sepp fjk a FhEz.

With this understood, consider

E SMRE=ES(ptmnt)
I

PiMk
- E.Spit

I E SCYkF) = E.CSMuEpit)
=

EC Muf #

It follows immediately from the definition

that I has the usual properties known

from the analysis course, for example:

· (1f+Mg ) = x S7 + 39;
· 730 => 3730;
· I = 0 and 730 => Fzo

and so on.



Ex_ Let F : S2 → R be any (smooth) ④
function

.
Let U = { STEN } , STIs } } be

just as in the example on P
.

8
.
Choose

E > ◦ and set

PNE (p ) : = PCE Lrcp ) ) ,

pi : = 1- pi ,
where

p
is just as in the example on 78

Notice the following :

P /
B. (o )

= ^ ⇒ Ñ / 4- ' (B.→ (o ) )
= 1

N

P / 1122113,6)
⇒ PÉ / 514N_ '

( Bae . .G)
≤ °

If FN = f- ◦ YN and Fs : = f- • 4s are

coordinate representations of f ,

then

by the definition of the integral we have

Sgt = S(PÑ°%Cu .ir) ) Fncuiv) 1%4×0+1 dadoN N

R2

+ S Ps
☒
(

E
◦ ✗skin) . Fsluiu) 1%45×145 /dado



④
= S

,

plea ,
Eo) For Curr) 1%4, ✗ town / dudv

+ S Psi ◦ %Ca.ir) Fslu.ir) louts ✗dots ldudv
1122

The last term converges
to 0 as E → 0

,
since

• the measure of the support of § ◦ % converges
to zero ;

• the integrand is uniformly bounded with

respect to E.

For the first term
,
we have

5 pceu.eu) Forcum) 194, ✗ town / dudu

R
'

= S Farben) lout ✗do% I dudv
B
E-' (o )

+ S p (EU ,
er) Fn lur) 19¥ ✗

T.tn/dudoB2E'
G) \BE - ' (o )

The last summand of this expression converges
to Zero

,
since



• I pceu.eu ) For Cair) I ≤ sup / 71 1
S2

• S 1%4×8,41 dado ≤ Area (5) = 41T
.

BZE- 'G) \ BE_ ' (o )

summing up , we obtain

SF = 5 Ecu ,v) 1%4×9%1 dudv ⇔
S2 R2

just as it is well - known from the

analysis course
.

Of course
,
a similar argument yields also

f f = S Fs (un) / outs ✗ Oils / dudv
.

⇔
S2

☒
2

The reader should check directly that the
right hand sides of ⇔ and C-* ) are equal
indeed

.



The Let b: S.-So be a ⑮

diffeomorphism. where s and S2 are compact3

surfaces. Then for
any FCCCS(we have

Sz = (oh) -Idetdhl (A)

To explain the right hand side, let F andt

be Euclidean vector
spaces

such that

dim F = dimN=h. Choose an orthonormal
basis e = (c.,en) of F and an orthonormal

basis g = (g, ..., gn) of TV. A linear map

4: F-> IV can be represented by
a matrix Ayc Mu(R), where

Ag = (aij) eCei) = E a;j go
=>(Y(e),..., Yen)) = (,..., gn) · A

=> %(e) = g
· A

If is another basis of , then
=>an orthogonal uxu matrix B s.t.

I

2 = 2.BE) e= ze
j.jej

Similarly, if g' is another basis of W



them there exists an orthogonal xu
matrix c = (cij) s.t.

g1gCz2g = Ecijg;
Let A' be the matrix of 4 with

Y

respect toe' and g There

Y(e) = g'Ay = gC Ay
Il

x(e.B) => PK) · B = g. Ay B
r

linearity
of Y

=>CA = Ay B =AB

Therefore

det Aly = det (C") detAydetB
~ I

11 since B and a

are orthogonal
= I det Ag

=>Idet Ae ) = ( det Ag

that is for any linear
map 4: V+W

between Euclidean spaces (det 41:= / detAgl
is well-defined.



since for any pe5,
both TpS,

⑰

and TusS2 are Eudidean, Idetdh) is

a well-defined function on 51.

Atthe theorem

Let U2 = 5(2,4a) /deAT be an atlas

Son
2.

Pick a partition of unity

3pj/je,...,u3 on S. mbordinate to Mr.

Then 1 = 3 (hi(ta), Yoh) IdeAS
Il

3

is an atlas on 8, and Eppoh/je..,uh
is a partition of unity subordinate to Mr.

If spp Pj < Waj=:jj, denote 4 = ej

35 = Yoh and Wp = 3= h 4
=4 = 60dj => on4

=dh (Outj)
&wY=dh (000;)

=1024 x 8 4j) = Idetdh/18n0x 88j)
↑

follows from: A: R"+R linear

CAr) x (Aw) = (det A) - Vxw



⑱

->I =O &⑳ G

of T

Y

toje

jIf
9 (ppoh) · (oh) · Idetdhl=

S

- S. (pohsi). (f-osi Ionoxovi
T 4 1024 x 0n4j

= S.(Piot) @o4j 1on4 +804;l

= Pif
Sc

Summing up by j, we obtain (15.X)



Rem Notice that (15.x) is nothing ⑲
-

else but a fancy restatement of the

theorem about the change of coordinates

for the integration, which is well-known

from the analysis course.


