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1. Let 𝑎, 𝑏, 𝑐 ∈ R be such that 𝑎𝑐 − 𝑏2 > 0. Show that the maximum and minimum values of the function
𝑔(𝑥1, 𝑥2) = 𝑥2

1 + 𝑥2
2 on the ellipsoid 𝑎𝑥2

1 + 2𝑏𝑥1𝑥2 + 𝑐𝑥2
2 = 1 are of the form 1

_1
and 1

_2
where _1 and _2

are eigenvalues of the matrix
(
𝑎 𝑏

𝑏 𝑐

)
.

2. For what values of 𝑐, 𝑓 −1(𝑐) is a surface in R3?
(𝑎) 𝑓 (𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧2

(𝑏) 𝑓 (𝑥, 𝑦, 𝑧) = 𝑥𝑦𝑧

3. Let 𝐶 be the circle of radius 𝑟 in the 𝑌𝑍-plane centerted at the point (0, 𝑎, 0), where 𝑎 > 𝑟. And we
obtain 𝑇 by rotating 𝐶 around the 𝑋-axis. More formally

𝑇 := {(
√︃
𝑥2 + 𝑦2 − 𝑎)2 + 𝑧2 = 𝑟2}

Show that 𝑇 is indeed a surface.

4. Show that {(𝑥, 𝑦, 𝑧) ∈ R3 |𝑦2 = 𝑥3} is not a surface in R3.

5. Show that the maximum and the minimum values of the function 𝑔(𝑥1, . . . , 𝑥𝑛+1) =
∑𝑛+1

𝑖, 𝑗=1 𝑎𝑖 𝑗𝑥𝑖𝑥 𝑗 on the
unit 𝑛-sphere 𝑥2

1 +· · ·+𝑥
2
𝑛+1 = 1, where (𝑎𝑖 𝑗 ) is a symmetric 𝑛×𝑛 matrix of real numbers, are eigenvalues

of the matrix (𝑎𝑖 𝑗 ).
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