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1. Suppose that a surface 𝑆 is a union 𝑆 = 𝑆1 ∪ 𝑆2 where 𝑆1 and 𝑆2 are two orientable surfaces such that
𝑆1 ∩ 𝑆2 is connected. Prove that 𝑆 is also orientable.

2. Möbius band: Define a map 𝑓 : R2 → R3 by

𝑓 (𝑢, 𝑣) =
(
(2 − 𝑣 sin

𝑢

2
) sin 𝑢, (2 − 𝑣 sin

𝑢

2
) cos 𝑢, 𝑣 cos

𝑢

2
)

Show that the image of 𝑓 (Möbius band) is a surface in R3.

3. Show that any tangent plane to 𝑧 = 𝑥2 − 𝑦2 intersects the surface in two perpendicular lines.

4. Let 𝑓 : 𝑆1 → 𝑆2 be a local diffeomorphism between two surfaces 𝑆1 and 𝑆2 with 𝑆2 orientable. Let 𝑁2
be a unit normal field on 𝑆2. We define a map 𝑁1 : 𝑆1 → R3 as follows: if 𝑝 ∈ 𝑆1, we put

𝑁1(𝑝) =
𝑎 × 𝑏

|𝑎 × 𝑏 |

where 𝑎, 𝑏 form a basis of 𝑇𝑝𝑆1 satisfying

det
(
(𝐷 𝑓𝑝) (𝑎), (𝐷 𝑓𝑝) (𝑏), 𝑁2( 𝑓 (𝑝))

)
> 0

Show that 𝑁1 is a unit normal field on 𝑆1 and consequently 𝑆1 is also orientable.

5. Show that if a surface 𝑆 in R3 is represented both as 𝑓 −1(𝑐) and 𝑔−1(𝑑) where ∇ 𝑓 (𝑝) ≠ 0,∇𝑔(𝑝) ≠

0∀𝑝 ∈ 𝑆, then ∀𝑝 ∈ 𝑆,∇ 𝑓 (𝑝) = _(𝑝)∇𝑔(𝑝) for some _(𝑝) ≠ 0.
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