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1. Let 𝑉 be a real-vector space of dimension 𝑛. Prove that 𝑉 is a smooth manifold of dimension 𝑛 and
the map 𝑇𝑥𝑉 → 𝑉, [𝛾] ↦→ 𝛾′(0) gives us a natural isomorphism between 𝑇𝑥𝑉 and 𝑉 ∀𝑥 ∈ 𝑉. 𝛾 being a
smooth curve in 𝑉 with 𝛾(0) = 𝑥.

2. Show that 𝑆2 × 𝑆2 is a smooth manifold.

3. Consider the function

𝑓 : RP2 → R, 𝑓 ( [𝑥 : 𝑦 : 𝑧]) = 𝑥𝑦 + 𝑦𝑧 + 𝑥𝑧

𝑥2 + 𝑦2 + 𝑧2

Show that 𝑓 is smooth and find all critical points of 𝑓 . Notice that a point 𝑚 := [𝑥0, 𝑦0, 𝑧0] is called
critical for 𝑓 , if for any smooth curve 𝛾 : (−𝜖, 𝜖) → RP2 such that 𝛾(0) = 𝑚, we have 𝑑𝑚 𝑓 ( [𝛾]) :=
𝑑
𝑑𝑡 𝑡=0( 𝑓 ◦ 𝛾(𝑡)) = 0.

4. (a) Let 𝑀 (2,R) be the set of 2× 2 matrices and 𝑆𝐿 (2,R) := {𝐴 ∈ 𝑀 (2,R) det(𝐴) = 1}. Prove that
𝑆𝐿 (2,R) is a smooth 3-manifold.

(b) Notice that the set of trace free 2×2 matrices form a vector space of dimension 3 inside 𝑀 (2,R).

We call it 𝔰𝔩(2,R). Prove that the 3 matrices 𝐸1 :=
( 1

2 0
0 −1

2

)
, 𝐸2 :=

(
0 1
0 0

)
, 𝐸3 :=

(
0 0
1 0

)
form a basis of

𝔰𝔩(2,R). Now find three smooth curves 𝛾1, 𝛾2 and 𝛾3 such that 𝛾𝑖 (0) =
(
1 0
0 1

)
= Id and 𝛾′𝑖 (0) = 𝐸𝑖 for

𝑖 = 1, 2, 3. Hence we proved that 𝑇Id𝑆𝐿 (2,R) = 𝔰𝔩(2,R). We call 𝔰𝔩(2,R) the Lie algebra of 𝑆𝐿 (2,R).

5. Let 𝜑 : R𝑘+1 → R be a smooth function such that ∇𝜑(𝑥) ≠ 0 ∀𝑥 ∈ 𝜑−1(0) =: 𝑀. Show that 𝑀 is a
smooth manifold of dimension 𝑛, and the tangent space at a point 𝑚 ∈ 𝑀,𝑇𝑚𝑀 is naturally isomorphic
to ∇𝜑(𝑚)⊥.
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